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This  paper  discusses  the  literature  on  application  of  the  methods  of 
queueing  theory  to  the  analysis  of  information  systems.  The  principles  of 
queueing  theory  are  given,  as  are  the  most  widely  used  results  as  applied 
to  the  simplest  queueing  systems.  Priority  systems  are  discussed  and  a 
simple  example  of  their  use  is  given.  A  survey  of  models  of  multi-access 
systems  with  time  sharing  is  given  formulated  in  the  language  of  queueing 
theory . 

1.  INTRODUCTION 

Queueing  theory  is  an  apparatus  which  is  particularly  useful  in 
analyzing  the  specific  features  of  information  systems.  The  complexity  of 
these  systems  and  the  lack  of  complete  information  concerning  their  elements 
usually  do  not  permit  a  deterministic  description.  In  some  cases  a  descrip¬ 
tion  in  terms  of  queueing  theory  is  the  only  possible  one  (as  in  the  case  of 
multi-access  systems,  where  there  is  little  information  concerning  users  and 
where  such  information  is  usually  available  in  the  form  of  statistics  con¬ 
cerning  the  rate  of  arrival  of  problems  to  the  system) . 

There  is  at  the  same  time  a  serious  need  for  analytic  results  related 
to  these  systems.  For  example,  in  designing  multi-access  systems  experience 
has  shown  that  very  detailed  evaluations  must  be  made  of  the  effects  of  in¬ 
dividual  parameters  on  the  operation  of  the  system  (such  as  the  effect  of  the 
time  quantum  allocated  on  the  throughput  of  the  system,  and  the  like) .  This 
type  of  evaluation  is  not  always  possible,  or  not  always  convenient,  using 
modeling  methods. 

2.  BASIC  CONCEPTS  IN  QUEUEING  THEORY 

Queueing  theory  considers  the  model  of  an  isolated  queueing  system  as 
shown  in  Figure  1.  At  discrete  moments  of  time  *i»  *a»  •••»*«»  •••  the  queueing 
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system  receives  problems  making  up  the  input  stream.  A  complete  description 
of  the  output  stream  requires  giving  the  sets  {r,},  <  =  0,1,2,...,  where 

Ti  —  ti+i—ti,  where  vi  denotes  the  number  of  problems  arriving 

at  the  queueing  system  at  moment  »»• 

An  equivalent  description  of  the  input  stream  consists  in  giving  the 
function  x(t)  whose  value  at  moment  t  is  the  number  of  problems  which 
arrived  at  the  queueing  system  during  time  [0,  t].  Research  is  usually 
limited  to  considering  stationary  streams,  i.e.,  streams  in  which  the  proba¬ 
bility  of  the  arrival  of  k  problems  in  time  segment  [T,  T  +  t]  does  not 
depend  on  T  and  is  only  a  function  of  k  and  t. 
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Figure  1.  Isolated  queueing  system. 

Strumien  wejsciowy  “  input  stream 

Obszar  oczekiwania  *  waiting  area 

Urzadzenie  obslugujace  =»  service  equipment 

Strumien  wyjsciowy  ■  output  stream 

SMO  *=  queueing  system 

Problems  arriving  at  the  queueing  system  proceed  to  the  waiting  area. 
When  the  service  equipment  is  free  service  begins  immediately.  If  not,  a 
problem  queue  is  formed.  The  selection  of  problems  to  service  is  determined 
by  the  so-called  waiting  discipline. 

Among  the  applications  considered  two  types  of  service  discipline  are 
Interesting.  These  are  service  in  the  order  of  arrival  (FIFO,  or  first-in- 
first-outf  FCFS ,  or  first-come-first-service) ,  and  service  in  accordance  with 
a  priority  system.  Most  of  the  queueing  systems  considered  here  are  priority 
systems. 

The  basic  value  which  characterizes  the  service  equipment  is  the 
distribution  of  service  time  for  each  problem.  Other  parameters  are  the 
number  of  service  channels  (designated  hereinunder  with  the  symbol  m)  and 
the  number  of  service  steps. 

When  information  systems  are  examined  individual  elements  in  the 
queueing  model  assume  different  interpretations.  The  input  stream  usually 
corresponds  to  incoming  programs  and  individual  instructions.  The  waiting 
area  corresponds  to  buffer  memory,  operating  memory,  and  the  registers. 

The  service  equipment  is  usually  represented  by  the  central  processing  unit, 
and  sometimes  by  the  input  equipment.  The  waiting  discipline  adopted  is 
usually  imposed  by  the  supervisor  program. 
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Clearly  these  Interpretations  are  not  the  only  possible  ones,  and  in 
any  case  depend  on  the  installation  of  which  the  queueing  system  is  a  model. 


3.  APPLICATION  OF  THE  SIMPLEST  MODELS  TO  DESCRIPTION  OF  THE  ELEMENTS  OF  DATA 
PROCESSING  SYSTEMS 

The  model  of  an  isolated  queueing  system  presented  above  is  often  well 
suited  to  describing  the  operation  of  the  individual  elements  of  an  informa- 
tion  system.  Adaptation  of  some  results  of  queueing  theory,  for  instance, 
makes  it  possible  to  determine  times  of  waiting  for  the  beginning  of  trans¬ 
mission  in  a  computer,  minimum  buffer  capacities,  the  throughput  of  informa¬ 
tion  channels,  etc. 

What  follows  is  the  most  important  results  obtained  from  investigation 
of  the  elements  of  information  systems.  We  shall  limit  ourselves  in  this 
discussion  to  presenting  the  effects  of  waiting  time  for  service  and  of  the 
distribution  of  queue  lengths,  since  these  are  the  parameters  most  often  used 
in  applications. 

We  introduce  the  following  designations: 

Let  G(x)  =  P{rt  <  x)  be  the  common  distributor  of  values  of  t(  inde¬ 
pendent  in  the  set.  Let  us  use  the  symbol  Vi  for  the  service  time  for 
each  problem,  and  the  symbols  If(x)  =  P{rj,  s?r  *}  for  the  distributor  correspond¬ 
ing  to  this  time. 

In  the  simplest  queueing  system  (a  so-called  M/M/m  system,  in  which 
the  first  symbol  designates  the  type  of  input  stream,  the  second  symbol  the 
type  of  service,  and  the  third  the  number  of  channels)  it  is  assumed  that 
the  input  stream  is  a  Poisson  stream,  l.e.,  that 

G(x)  =  l-exp(-Ax), 

and  the  service  time  V  has  an  exponential  distribution 

H(x)  =  l-exp(-|Ux). 


In  these  formulas  X  and  p  represent  the  arrival  rate  of  problems  and 
the  service  rate,  respectively. 

Let  Pn  represent  the  probability  that  there  are  k  problems  in  a 
steady  state  in  a  queueing  system,  and  let  y  be  the  waiting  time  for  ser¬ 
vice. 

For  a  M/M/m  system  with  FIFO  service  Erlang's  classic  formulas  apply: 
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Pk 


*1 


Po  at 


1  <  fc  <  m, 


(1) 


where 


Po 


Qm *l  \~l 
ml(m—g)f  ’ 


Waiting  time  for  the  beginning  of  service  is  covered  by  the  formula 


CD 

p{y  <  *}  =  i  -  (£  a)  cxp[-(w^-i)afj. 

*»« 


(2) 


For  a  queueing  system  with  a  Poisson  input  stream  and  a  general 
distribution  of  service  time  (a  so-called  M/G/l  system)  Chinczyn's  formula 
applies  to  the  Laplace-Stieltjes  transform  of  the  distributor  of  wait¬ 

ing  time  for  the  beginning  of  service  (cf.,  for  instance,  [1]): 


where 


m 


1  —  It 


m 

T  =  f  Xd/f(X), 

0 


(3) 


*(•»)  =  /  exp(-sx)d/f(x). 
o 


A  steady  solution  exists  for  It  <  1. 


If  as  before  pk  denotes  the  probability  that  there  are  k  problems  wait¬ 
ing  in  a  queueing  system  in  a  steady  state,  then  the  Po.llaczek-Chinczyn  for¬ 
mula  holds  for  the  function  of  the  growing  number  of  problems  waiting  in  the 
system: 


(l-eKi-zWKi-z)] 

h[X(\—z)\—x 


(4) 


In  the  work  now  being  done  on  application  of  queueing  theory  to  the 
investigation  of  information  systems,  results  concerning  more  general 
queueing  systems  (such  as  those  with  general  input  streams)  are  rarely  used 
and  we  shall  not  consider  them. 

As  noted  previously,  the  above  results  can  be  applied  to  the  investi¬ 
gation  of  individual  elements  in  data  processing  systems.  An  example  of 
such  an  application  is  the  very  interesting  analysis  of  disk  operation  (the 
IBM  2314)  described  in  [2]  (see  also  [16]).  The  model  considered  there 
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reduced  to  type  M/G/l  systems  operating  in  tandem.  The  analytic  results  were 
obtained  on  the  basis  of  Chinczyn's  formula  given  above. 

An  isolated  queueing  system  with  FIFO  discipline  is  too  simple  a  model 
to  be  useful  in  describing  real  information  systems  in  general.  Considera¬ 
tion  of  features  such  as  multi-access,  real-time  operation,  time  sharing, 
and  the  like  requires  the  construction  of  a  queueing  model.  This  effort 
has  taken  two  basically  different  directions.  The  first  direction  deals  with 
individual  queueing  systems  with  complicated  priority  systems.  The  other  is 
connected  with  the  investigation  of  certain  special  queueing  systems,  so- 
called  feedback  systems.  We  shall  now  consider  the  current  state  of  work  in 
both  directions. 

4.  PRIORITY  SYSTEMS 

A  feature  of  the  majority  of  systems  operating  in  real  time  is  a 
highly  developed  system  of  priorities.  Models  of  such  systems  are  queueing 
systems  with  usually  isolated  service  equipment,  many  input  streams,  and 
appropriate  service  discipline  distinguished  by  a  priority  system.  Several 
classes  of  priorities  are  recognized  with  their  corresponding  service 
disciplines.  The  appearance  in  the  system  of  a  problem  with  a  priority 
higher  than  that  being  serviced  may  cause  immediate  suspension  of  service. 
This  is  called  preemptive  service  discipline. 

The  problem  whose  servicing  was  Interrupted  may  then  be  variously 
treated: 

(1)  Service  is  taken  up  from  the  point  of  interruption  (preemptive- 
resume  discipline) ; 

(2)  Service  is  repeated  from  the  beginning  at  the  original  rate 
(preemptive — repeat- identical  discipline) ; 

(3)  Service  is  repeated  from  the  beginning  at  a  different  rate 
(preemptive — repeat-different  discipline) . 

If  the  arrival  of  a  problem  with  a  higher  priority  does  not  cause 
suspension  of  service  on  a  lower-priority  problem,  one  speaks  of  non-pre- 
emptive  discipline. 

A  finite  number  of  priority  classes  is  usually  assumed.  And  the 
problems  belonging  to  a  given  priority  class  are  usually  serviced  according 
to  FIFO  discipline. 

In  priority  systems  a  basic  parameter  which  is  investigated  is  the 
time  necessary  for  complete  servicing  of  a  problem  belonging  to  class  k. 

This  time  is  the  sum  of  the  waiting  time  for  service  and  the  so-called 
completion  time,  calculated  from  the  moment  of  the  beginning  of  service 
to  the  moment  it  has  been  completed. 
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A  detailed  aimlyel*  of  type  M/0/1  eyeteme  with  priorities  end  pre¬ 
emptive  discipline  ie  given  in  the  article  by  Wei  Cheng  (3). 
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Figure  2.  Fragment  of  a  control  lyetem  for  ait  craft  flight 
(see  example) . 

Obiekty  ■  objects,  or  Industrial  processes 

System  kontroli  ■  control  system 

Glowny  strumien  zgloszon  -  main  problem  stream 

Procesor  z  kolejka  -  processor  with  queue 

Dodatkowy  strumien  zgloszen  -  secondary  problem  input  stream 

Sytnaly  korekcji  »  correction  signals 

By  way  of  illustration,  let  us  consider  the  application  of  the  results 
given  there  to  analysis  of  a  simple  system  (Figure  2),  which  controls  several 
objects  when  they  fail  to  operate  properly.  The  model  described  here  is  a 
modification  of  a  fragment  of  a  system  for  aircraft  flight  control,  the  con¬ 
ception  of  which  is  given  in  [6].  The  arriving  problems  are  signals  obtained 
from  the  control  system,  indicating  excessive  deviation  of  the  parameters  of 
the  objects  from  the  planned  parameters.  Let  us  assume  that  the  input  stream 
of  problems  can  be  described  with  sufficient  accuracy  as  a  Poisson  distribu¬ 
tion  at  a  rate  1,  .  All  these  problems  belong  to  a  single  priority  class 
(k  =  1) .  Service  by  the  processor  consists  in  computing  correction  signals 
for  the  incorrect  parameters.  Let  Hi(x)  designate  a  distributor  of  the  time 
necessary  to  service  each  problem. 

In  addition  to  executing  correction  programs  the  processor  performs  a 
number  of  other  tasks.  Requests  for  these  services  make  up  another  Poisson 
stream  of  problems  arriving  at  a  rate  The  problems  arriving  in  the 

second  stream  have  a  lower  priority  (k  =  2)  and  their  service  time  is  charac¬ 
terized  by  the  distributor  H2(x).  For  purposes  of  simplification  we  also 
assume  that  the  source  of  problems  in  both  streams  is  infinite,  that  the 
service  time  is  independent  of  the  number  of  problems  in  the  system,  and  that 
there  is  no  limitation  on  queue  length. 

Problems  arriving  in  the  main  and  the  secondary  streams  form  a  queue 
with  preemptive-repeat  service  discipline  (i.e..  type  1). 

The  basic  parameters  which  we  want  to  find  are  the  time  passing  from 
the  moment  of  arrival  of  a  signal  indicating  improper  functioning  of  the 
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object  ku  I  ho  momank  of  computation  of  the  correction  signals  ami  the  time 
for  axaouttng  secondary  program*,  We  ehell  daalgnake  the  distributors  of 
thea*  times  aa  w(t)  and  v(t)  respectively  (we  are  considering  only  akeady 
operation  of  khe  ayatem).  Computation  of  these  distributor*  ia  aaay  if  we 
know  khe  distribution*  of  time*  for  walking  for  beginning  of  aervloe  and 
for  completion  of  the  aolutlon. 


Let  ua  uee  the  aymbole  IK,(#)  and  tv  denote  the  LapUee- 

StlaUJea  transforms  of  theae  waiting  tlmea,  and  c,(i)  and  (',(*)  for  khe 
transforms  of  tlmea  for  completion  of  solutions, 


In  the  caee  of  the  main  input  a  cream  an  expraaelon  for  W'i(*)  ie  ob¬ 
tained  directly  from  the  above-mentioned  formula  of  Chincayn  (3): 


^,(1) 


l-A,r 


ILL 


•A, 

*  a 


where 

m 

Ti"|  xd M{(x), 

A,(i)  - 1  exp(-M)dff,(x), 


The  time  required  for  completion  of  eervice  in  the  caae  of  the  main 
input  atraam  equal*  the  required  eervice  time,  i.e. 

C,(a)-f/,(i). 

The  total  time  nacasaary  for  computing  corraction  aignala  (from  the 
moment  the  signal  arrives  indicating  improper  functioning  to  the  moment 
when  the  computation  is  completed)  thua  has  a  distribution  defined  ea 
follows: 

tv(0  — 

w,(0  (5) 

c,(f)  -  v-'c^s).' 


For  the  secondary  stream  the  relationships  are  much  more  complicated: 

Cj(s)  33  (6) 

where  J\(j)  is  a  root  of  the  equation 

z  <=  M*+Ai(l-r)}, 

and  h3(u )  ,  as  before,  is  given  by  the  formula  for  the  Laplace-Stieltjes 

transform: 


h2(u)  =  J  exp(— ux)dHj(x). 
oi 
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The  following  equation  la  found  for  th«  waiting  time  (or  the  boginning 
of  aorvltiw  to  probloma  arriving  in  the  secondary  at  ream 


in  which 


i-W 


^  xd //,(*), 


Tha  time  for  completing  a  program  arriving  in  tho  aacondary  atraam  [la 
found]  in  terms  of  a  diatrlbutor  expressed  by  M'i(f)*t|(0 

If  tho  limitationa  on  aarvlcu  tlma  for  problems  arriving  in  tha  main 
and  tho  aecondary  atraama  aro  known,  tho  abovo  axproaalona  make  it  poaalblo 
to  formulate  tho  raqulrod  procoaaor  parameters. 

For  a  ayatom  auch  aa  tho  onoa  doacribod  tho  roaulta  of  quouoing  thoory 
permit  computing  tho  length  of  both  typoa  of  queues.  Thla  makoa  it  pooalblo 
to  ovaluato  tha  parameters  of  tho  ayatom  being  planned,  auch  aa  tha  aiao  of 
memory  aaaociatod  with  tho  procoaaor,  tho  way  in  which  it  ia  divided  up,  and 
tha  liko. 

In  a  number  of  caaoa  tho  raquirementa  placed  on  tho  ayatom  aro  con¬ 
fined  to  placing  limitationa  on  tho  momenta  of  cartain  dietributiona  (wait¬ 
ing  time,  time  for  completing  programa,  queue  length).  Thua  thoro  la  no 
need  to  computo  tho  roverao  Laplace  transforms,  and  tho  momenta  thomaolvoa 
are  found  by  differentiating  the  oxpreaaiona  for  tho  tranaforma. 


As  we  know 


w[ri  ^  J  x'dwtix),  r«  1,2 . 

00 

I  x'dff^x),  r-2,3 . 


mP-fr-iy  £*»(»> 

1  •  (di)'  j  =  0’ 


For  the  first  two  moments  we  find 

^  20^1^ 1  (9) 

Mi  ,  tiwv 

V  3(1  — AjT,)  +  2(1  — Ijt,)2 

If,  for  example,  we  know  the  limitations  on  the  value  of  the  mean 
time  required  to  compute  an  aircraft  flight  correction 

<  a 
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anti  if  w*  us*  tha  symbol  v  to  denote  the  speed  of  the  proceaaor  which  we  are 
attempting  to  determine  <1.*,,  in  operation*  par  unit  time),  and  tha  length 
of  tha  program  for  computing  tha  oorraotion  la  conatant  for  all  flight*  and 
equals  I  (operation*) |  In  othar  words, 


«(*) 


t 


I 


I  ,»*»*«••  x> 


tha  following  inequality  la  obtainad 

+T<i*' 

Whan,  for  axampla,  J,  «  0,J  and  a  «  3  wa  obtain  OM  3, 8 
if  tha  langth  of  tha  corractlon  program  ia  known  wa  can  uaa  thla  value  to 
determine  tha  required  apaad  of  tha  computar. 


In  raal  ayatama  it  happana  that  tha  input  stream  cannot  ba  aatia- 
factorlly  dascrlbod  by  a  Poiaaon  dlatribution.  Thin  cnuaaa  conaidarabla 
analytical  difflcultlaa,  and  la  raaponaibla  for  tha  fact  that  tha  litaratura 
lack*  aatiafactory  raaulta  for  tha  corraaponding  quauaing  modal*  with  prior  - 

itU-s  and  preemptive  service  discipline. 


Davalopmvnts  in  ao-callad  mixed-priority  quauaing  ayatama  ara  in- 
teraatlng  for  application*  to  raal  date-processing  ayatama  [4,  5].  In  thla 
typa  of  aystam  tha  currantly  aervicad  problam  (a.g.,  tha  program  baing 
axacutad)  can  craata  a  aignal  which  dlaablaa  auapanaion  of  aervlca  until 
another  aignal  enable*  auapanaion.  Aa  a  raault  the  total  aervlca  time  may  be 
mada  up  of  arbitrarily  located  time  aagmanta  of  three  typaat  a  non-praamptiva 
segment,  a  preemptive  aegmant  with  resume  discipline,  and  a  preemptive  segment 
with  repeat  discipline.  Figure  3  shows  this  typa  of  service. 

p - Catkowity  wymaya ny  ant  otulugt; — — -  -H 


Prttrwonia  Pritr*onla  r  kontynuom-  Pntdiial 
1  powtarnnitm  nirm  06 skgi  btt  pritrwaA 

Figure  3.  Example  of  breakdown  of  service  time  segments 


Calkowlty  wymagany  etas  obslugi  ■  total  service  time  required 
Przerwania  z  powtarzaniem  -  preemptive-repeat  segment 
Przerwania  z  kontynouwaniem  obslugi  ■  preemptive-resume  segment 
Przdzial  bez  przerwan  ■  time  segment  without  suspension 


Further  development  and  implementation  of  this  type  of  model  assumes 
that  a  problem  whose  service  was  preempted  requires  before  each  resumption 
of  service  a  special  set-up  time  period  to  recreate  the  conditions  prevail¬ 
ing  before  preemption. 
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A  data  tied  ana  1  y  a  i  a  of  M/0/1  ayatama  with  mixed  prioritiaa  la  con¬ 
tained  In  l..  Schragn'a  article  (3]|  the  concluatona  art  quit*  complicated 
and  we  ahali  not  cite  them  hare, 

3.  QUKUKINO  SY8TKM8  WITH  FRKDSACK  AS  M0UKL8  FOR  MULTl-ACCSSS  8Y8TKMS 

The  application  f  queueing  theory  to  the  inveatigetlon  of  multi- 
acceae  ayetema  with  feedback  makea  poaalble  the  development  of  Intereating 
model*  of  auch  ayatema, 

Typical  multi-acceaa  ayatema  operate  on  the  ao-oalled  time  quantum 
principle,  A  model  of  thia  typa  of  ayatem  la  a  model  of  the  dietrlbutlon 
among  uaera  of  a  reaource,  which  ia  the  working  time  of  the  central  pro- 
ceaaing  unit. 

Let  ua  conaider  the  aimpleat  of  the  model*  of  thia  type,  the  ao-called 
RR  (round-robin)  model  ahowr.  in  Figure  4. 


Figure  4.  Model  of  an  RR  ayatem 

Strumien  nowych  agloaaen  ■  input  atream  with  new  problem* 

Kolejka  «  queue 

Procaaor  ■  central  proceaalng  unit 

Strumien  agloaaen  a  praerwana  obaluga  “  atream  of  auspended  problem* 

Strumien  agloaaen  obaluaonych  »  output  atream  of  completed  problems 

Hew  problems  (programs)  entering  the  RR  system  go  to  the  end  of  the 
processor  queue.  Problems  are  serviced  In  the  order  In  which  they  enter 
the  queue.  Each  problem  obtains  a  quantum  q  of  time  from  the  processor. 

If  the  problem  is  completed  before  the  end  of  the  service  time,  the  problem 
leaves  the  system.  Otherwise  service  is  suspended  and  the  problem  goes 
back  to  the  end  of  the  queue. 

In  the  simplest  RR  system  it  is  assumed  that  the  time  necessary  to 
send  a  problem  to  the  end  of  the  queue  equals  zero.  In  addition  it  is 
assumed  that  the  input  stream  is  a  Poisson  stream  at  a  rate  1  and  that  it 
comes  from  an  infinite  source,  and  that  the  time  necessary  to  service  a 
problem  is  a  random  variable  with  an  exponential  distribution  with  a  parame¬ 
ter  M- 

Kleinrock  [7]  has  investigated  a  number  of  interesting  parameters  of 
RR  systems. 
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A  particularly  intarasting  modal  can  ba  obtained  by  conaidaring 
the  limiting  csss,  In  whioh  the  quantum  of  aarvica  time  allotted  approaches 
aero  The  service  system  which  this  produces  is  called  a  processor- 

sharing  (PS)  system.  In  a  PS  without  priorities  all  problems  are  serviced 
simultaneously  st  s  rate  equal  to  n In  ,  where  n  is  the  number  of  problems 
in  the  system  at  any  one  time.  The  probability  of  servicing  simultaneously 
n  problems  in  a  PS  system  in  a  steady  state  is  expressed  by  Rrlang's  formula, 
which  was  noted  enrliert 

P»  m  1 1  ““|  !'<’*'  e«“0i  1. 2,  .««• 

The  basic  value  charscterising  the  operation  of  an  RR  or  PS  system  la 
the  distributor  w(:,x)  of  chs  tims  spent  In  the  system  by  a  problem  requiring 
t  time  of  the  entire  processor  for  its  completion.  Articlos  [7]  anti  [8]  con¬ 
tain  formulas  for  computing  the  mean  value  W(0  of  the  time  spent  by  a  problem 
in  RR  and  PS  systems.  For  a  PS  system 

W)  -  T-<W ' 

Comparison  of  this  result  with  the  corresponding  result  for  a  queueing 
system  with  FCFS  service  shows  that  a  PS  system  prefers  short  programs: 
problems  for  which  the  required  processor  time  is  less  than  1/p,  remain  in  a 
PS  system  for  less  time  than  they  do  in  a  queueing  system  with  FCFS  disci¬ 
pline. 


The  most  recent  working  on  PS  systems  [9)  has  found  a  formula  for  the 
Laplace- St  lei  tjes  transform  of  the  distributor  v((,x)  of  the  differ¬ 

ence  between  the  time  spent  in  the  system  end  time  t. 

There  are  also  more  general  conclusions  (M.  Sakata,  cf.  [9]}  for  a  PS 
aystem  assuming  that  the  distribution  of  service  time  is  general,  with  the 
reservation  that  they  concern  the  unconditional  distribution  of  time  spent 
in  the  system. 

RR  and  PS  models  offer  the  possibility  of  introducing  priorities 
[7,  8,  10].  In  the  case  of  an  RR  model  a  problem  belonging  to  class  p 
obtains  quanta  of  service  time  each  time.  In  processor-sharing  systems 
problems  belonging  to  class  p  are  services  at  a  rate  corresponding  to  the 
ft  part  of  the  computing  power  of  the  processor: 

tZi  gtntt 

where  P  is  the  number  of  classes,  and  mi  Js  the  number  of  problems  in  class 
i  currently  in  the  system. 

The  necessary  formulas  for  mean  time  in  the  system  are  given  in  [7]. 

In  multi-access  systems  with  time  sharing  the  privileges  accorded  to 
short  programs  by  the  service  discipline  corresponding  to  the  RR  model  are 
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often  insufficient.  In  the  operation  of  such  a  system  there  are  usually 
periods  of  Increased  rate  of  arrival  of  problems,  w.iich  causes  overloading. 
In  that  event  long  programs  are  particularly  inefficient.  Repeated  return 
of  such  programs  to  the  processor  blocks  up  the  system.  The  solution 
employed  is  to  use  a  service  discipline  corresponding  to  the  queueing  model 
with  several  queues  and  feedback.  The  literature  considers  several  such 
models. 


FBty  models  (systems  without  priorities).  The  model  has  N  queues. 
Problems  enter  the  system  and  are  placed  at  the  end  of  queue  number  1.  Ser¬ 
vicing  of  problems  in  this  queue  is  subject  to  FCFS  discipline  and  the  time 
quantum  principle.  The  processor  (at  least  in  an  RR  system)  allots  each 
problem  a  quantum  q  of  service  time.  Problems  requiring  no  more  than  q  time 
to  reach  completion  leave  the  system  finished.  Longer  problems  go  to  queue 
number  2.  In  queue  number  i  (1  <  i  <  tf)  problems  are  services  according 
to  the  FCFS  principle.  A  problem  obtains  its  quantum  q  of  service  time  and 
if  this  time  was  sufficient  to  complete  the  computation,  it  leaves  the 
system;  otherwise  it  proceeds  to  the  end  of  queue  number  (i  +  1).  The 
processor  begins  to  service  problems  in  queue  i  only  when  all  the  queues 
with  numbers  less  than  i  are  empty.  Problems  in  queue  number  N  are  serviced 
according  to  the  FCFS  principle  to  the  very  end,  except  that  after  each  time 
quantum  service  may  be  suspended  if  a  non-empty  queue  is  found  with  a  number 
less  than  N. 

The  case  of  the  limiting  FBjj  system  as  q  0  is  not  interesting,  since 
the  operation  of  such  a  system  when  N<  oo  reduces  to  the  operation  of  an 
individual  queueing  system  with  FIFO  discipline.  More  interesting  is  an 
FBjj  system  when  N  —  oo  and  as  q  ->  o  • 

FBjj  systems  without  priorities  and  with  Poisson  input  streams  and 
exponential  distribution  of  service  time  have  been  thoroughly  examined  by 
a  number  of  authors  [7,  8,  11].  Schrage  [13]  has  made  more  general  consider¬ 
ation  of  FBn  systems  when  N  =  oo  with  general  distribution  of  service  time. 
These  articles  also  consider  systems  in  which  the  source  of  problems  has  a 
finite  capacity,  as  well  as  of  systems  with  an  infinite  source. 

These  generalizations  of  FB^  systems  consist  in  considering  systems 
with  priorities  and  with  various  values  for  the  quantum  of  time  allotted 
problems  waiting  in  the  various  queues. 

In  priority  systems  the  input  stream  is  divided  and  problems  are 
directed  to  different  queues,  depending  on  the  class  to  which  they  belong. 
Service  in  individual  queues  is  also  subject  to  priority  discipline,  with 
the  highest-priority  queue  being  the  one  soonest  serviced. 

FBN  models  with  priorities  correspond  to  systems  in  which  program 
privileging  is  gradually  introduced,  depending  on  parameters  such  as  length 
of  program  and  amount  of  memory  used.  The  most  important  results  for  FB^ 
systems  with  priorities  are  given  in  [7]  and  [14]. 
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The  RRf  systems  examined  in  [15]  are  a  variant  of  FBjj  systems.  The 
difference  between  RRr  systems  and  FBy  systems  lies  in  the  different  service 
discipline  applied  to  problems  in  the  highest-numbered  queue  r.  The  last 
queue  in  an  RRr  system  is  an  RR  system.  As  a  result  the  extension  of  execu¬ 
tion  times  for  programs  requiring  the  longest  processor  time  is  greater  than 
in  an  FBn  system.  The  proposed  service  discipline  for  problems  corresponding 
to  an  RRr  system  (as  in  the  case  of  FBn  systems)  is  intended  to  provide  for 
automatically  shifting  the  execution  of  the  longest  programs  to  a  period  of 
low  problem  input. 

The  multi-access  systems  actually  implemented  correspond  both  to  the 
simplest  models  described  above  and  to  more  complex  ones  [11].  For  example, 
the  GE- Da  r  mouth  Time -Shared  System,  which  serves  200  users  .employs  the 
simplest  RR  algorithm  with  q  *  200  [ms?].  The  MAC  system  developed  at  MIT 
is  a  modification  of  an  FB9  system  with  different  time  quanta  in  different 
queues  (q„  =  2""‘  •  0,5  s,  where  n  is  the  queue  number). 

Some  systems  are  attempting  to  employ  several  different  service  algor¬ 
ithms;  the  SDC  Time-Sharing  System,  for  instance,  uses  an  RR  algorithm  with 
q  *  400  ms  and  a  modification  of  an  FB2  system. 

Investigation  of  models  of  multi-access  systems  with  time  sharing  are. 
at  present  directed  more  toward  analysis  than  toward  synthesis  of  systems. 

The  assumptions  under  which  analytic  results  are  obtained  (special  stream 
distributions,  stochastic  independence  of  streams,  particular  forms  of 
distribution  of  service  time)  can  under  real  conditions  become  too  severe 
limitations.  There  is  a  lack  of  results  at  present  on  the  operation  of 
systems  in  steady  states.  Not  very  much  work  has  been  done  in  analyzing  the 
losses  associated  with  suspending  the  execution  of  programs.  It  should  be 
stressed,  however,  that  analytic  methods  have  certain  advantages  over  model¬ 
ing  methods:  it  is  easy  to  analyze  the  influence  of  parameters,  and  there 
is  no  need  to  introduce  simulator  programs,  which  can  be  disrupting. 

6.  CONCLUSION 

The  problems  discussed  concern  only  a  few  applications  of  the  apparatus 
of  queueing  theory  in  information  systems.  A  great  deal  of  research  concerns 
information  transmission  systems,  for  example.  In  this  area  application  of 
the  methods  of  queueing  theory  permits  computation  of  the  throughput  of 
complicated  communications  networks  (cf.  [16]  and  [17]).  Some  results  con¬ 
cerning  queueing  networks  [18]  can  be  applied  to  research  on  complex  informa¬ 
tion  systems. 
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